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Abstract. Let fc be a commutative ring. We find and characterize a new 
family of twisted planes (i. e. associative unitary fc-algebra structures on the 
fc-module k[X,Y], having k[X] and k[Y] as subalgebras). Similar results are 
obtained for the fc-module of two variables power series fe[[X, y]]. 



Introduction 

Let fc be a commutative ring and let A, B be unitary fc-algebras. By definition, 
a twisted tensor product of A witfi B (over fc) is an algebra structure defined on 
A Cgjfc B, with unit 1 Cg)fc 1, such that the canonical maps ia'- A A ®k B and 
«_B : B A®kB are algebra maps satisfying a®b = iA{a)iB{b). This structure has 
been formerly studied by many people with different motivations (see for instance 
[Ca) . [OS Vj . [CTTT] . pa) . [TaS] . |VD-VKp . On one hand it is the most general 
solution to the problem of factorization of structures in the setting of associative 
algebras. Consequently, a number of examples of classical and recently defined 
constructions in ring theory fits into this construction. For instance. Ore extensions, 
skew group algebras, smash products, etcetera (for the definition and properties of 
these structures we refer to |Mo) and |Ka| ) . On the other hand it has been proposed 
as the natural representative for the cartesian product of nonconmutative spaces, 
this being based on the existing duality between the categories of algebraic affine 
spaces and commutative algebras, under which the cartesian product of spaces 
corresponds to the tensor product of algebras. And last, but not least, twisted 
tensor products arise as a tool for building algebras starting with simpler ones. 

Given algebras A and i?, a basic problem is to determine all the twisted tensor 
products of A with B and classify them up to a natural equivalence relation. A 
(noncommutative) polynomial extension of a fc-algebra i? is a twisted tensor product 
of a polynomial ring k[Y] with B. A twisted plane is such an extension in which B 
is also a polynomial algebra k[X]. That is, an associative unitary algebra C, with 
underlying fc-module k[X,Y], such that: 

• the natural inclusions ik[x] ■ ^[^1 ~* d and ik[Y] ■ —>■ C are algebra 
maps, 

• ik[x]{X'^)ik[Y]{y'^) = A™r" for each n,m > 0. 

For instance. Ore extensions of k\Y] are examples of twisted planes. The aim of 
this paper is to begin the study of these extensions, with emphasis in the problem 
of the classification of the twisted planes. Actually, we do not solve completely 
this problem in the present work, but we give the first step on having found and 
characterized a new family of twisted planes. Besides the twisted polynomial ex- 
tensions, in this article we also consider twisted extensions of the power series ring 
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finding a new family of twisted tensor products of fc[[^]] with In- 
deed, the natural setting to deal with adelically complete algebras such as 
is the monoidal category of filtered /c-modules which are complete with respect to 
the induced topology. Consequently, in this case we look for adelically complete 
algebras C, with underlying topological /c-module F]], such that: 

• the natural inclusions ik[lx]] ■ ^[[-^^1] ~* C and ikHY]] ■ k[[Y]] C are con- 
tinues algebra maps, 

• = for each n,m > 0. 

From now on we assume implicitly that all the maps are /c-linear maps, all the 
algebras are over fc, and the tensor product over k is denoted ®, without any 
subscript. 

The paper is organized as follows: In Section 1 we have compiled without 
proofs some of the standard facts on twisted tensor products, thus making our 
exposition self-contained. In particular we recall the definition of a twisting map 
s: A (g) B B ^ A and we establish the bijective correspondence s i-^ B A 
between twisting maps and twisted tensor products. We also set up notation and 
terminology. In Section 2 we begin the study of the noncommutative polynomial 
extensions. Consider an algebra A and maps : A A [j > 0). In Theorem 12. H 
we determine necessary and sufficient conditions for the existence of a (necessarily 
unique) twisting map s: k[Y] A ^ A (gi k[Y] such that 

oc 

s(y (g) a) = ^ aj (a) . 

j=o 

When ttj = for all j > 2, then we reobtain the familiar conditions to build an 
Ore extension of A. That is, ai must be an algebra endomorphism and must 
be an (ai, id)-derivation. After that we give several examples, and later on, in 
Theorem 12 . 71 and Corollarv l2.81 we establish a method to construct a twisting map 
with ao — and ai = id beginning with a locally nilpotent derivation. Section 3 is 
devoted to the study of twisted planes. Theorem 3.1 and 3.4 are two of the main 
results of this paper. Applying them, in Corollary 13.61 we obtain all the twisting 
maps 

s: k[Y] ®k[X] k[X] (g k[Y] 

such that ao — 0, ai is the evaluation at an clement of k and {n : an ^ 0} is finite. 
The aim of Section 4 is to determine all the twisting maps 

s: k[Y] (g) k[t]/{t^) k[t]/{t^) ® k[Y]. 

To do this we first study the twisted tensor products k[t\/ {t^) ®s A, then we consider 
in detail the case A — k\Y], and use that s is a twisting map if and only if t°s°t 
is, where r denotes the flip. Finally, in Section 5 we begin the study of the twisted 
tensor products of the power series ring with an algebra A, in the monoidal 

category of complete filtered fc-modules. In this case, each map 

s: k[\Y]]®A A®k[\Y]] 

(where ® denotes the completed tensor product over k) is also determined by a 
family of maps aj : A A (j > 0), but the conditions that these maps must 
satisfy to guarantee that s is a twisting map, which are found in Theorem 15. 3|, 
are somewhat different from those required when dealing with noncommutative 
polynomial extensions. In Theorem 15.41 we give a version for complete algebras of 
Theorem 12 .71 but the main result of this section, and one of the main results of the 
paper, is Theorem I5.6|, in which we obtain all the twisting maps 

s: k[[Y]]g)A A(g,k[[Y]] 
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with Qfo = 0. 
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1. Preliminaries 

In this section we review some of the basic facts about twisted tensor products. 
For their proofs we refer to |C-S-V| . |VD-VK| and [C-TM-Zj . Given an algebra A 
we let r]A and /i^ denote the unit and the multiplication maps of A, respectively. 

Let A and B be algebras. A twisted tensor product of A with B is an algebra 
structure on the fc- module A ® _B, such that the canonical maps 

«A : A^ A>g) B and is - B —f A® B 

are algebra homomorphisms and ^"{ia ® is) — id^^s, where fi denotes the multi- 
plication map of the twisted tensor product. 

Assume we have a tensor product of A with B. Then, the map 

s: B (g) A ^ A(E) B, 
define by s :~ fJ-''{iB m), satisfies; 

(1) so{r]B ®) A) — A 1® r]B and s°(i3 ® tja) — rjA® B, 

(2) s-ipB ®A)^{A® HB^is «) B)o{B s), 

(3) s°(B ha) = it^A ® B)o{A (g) 5)0(5 ® A). 

A map satisfying these conditions is call a twisting map. Conversely, if 

5: B (g) A ^ A® B 

is a twisting map, then A® B becomes a twisted tensor product via 

fis := ifJ-A ® ^J-b)°{A 5® B). 

This algebra will be denoted A ®s B. Furthermore, these constructions are inverse 
one of each other. 

The twisted tensor product A(gs B has the following universal property: Given 
algebra maps f : A ^ C and g: B ^ C such that 

fic°{9 ® /) = McK/ ® g^s, 

there is a unique morphism of algebras h: A (gg B C satisfying 

/ = h°iA and g — h°iB- 

Indeed, it is easy to check that h — Hc°{f 9)- 

The twisting maps are the objects of a category. Let s: B®A—^A®B and 
t: D ® C ^ C ® D he twisting maps. A morphism (/, : 5 — > t is a pair of 
morphism of algebras / : A — » C and g : B ^ D such that 

The composition is the evident one. Two twisting maps s,t: B(gA^A®B are 
said to be equivalent if they are isomorphic. That is, if there exist automorphisms 
f: A ^ A and g: B ^ B such that t = (/"^ (g) g~'^)''S°{g ® f). 

The following result is useful to check that a map 5: B ® A ^ A® B is a. twisting 
map, and will be used implicitly in this paper. 
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Proposition 1.1. Let s: B^A — > A^B be a map satisfying conditions (1) and (2). 
If generates B as an algebra and 

s{bi (g) aa) = {^lA ® B)o{A ® s)°(s ® A){bi ®a®a) 

for all a,a' A and each index i, then s is a twisting map. 

In the last section of this paper we will consider twisting maps between complete 
filtrated algebras. Hence, we will work in the monoidal category CMod, of complete 
filtrated fc-modules, where /c is a commutative ring. An object of CMod is a k- 
module M endowed with a filtration 

M = Afo 3 Ml D A/2 2 • • • , 

such that each Mi is a fc-module and M is complete with respect to the topology 
induced by the filtration. A morphism in CMod is a continuous map f : M ^ N 
(namely, a map / satisfying the requirement that for each i > there exists Ui 
such that /(Af„J C iVj). The tensor product of M with N in CMod, denoted by 
M(S^N, is the completation of the usual tensor product M ^ N, with respect to the 
topology induced by the filtration 

r+s— i 

where j: Mr (S^ Ng ^ M (g N is the canonical map. 

Standard modules are considered as objects of CMod via the filtration 

A/ = Afo 3 = = • • ■ (A/, ^ for all i > 0). 

The power series ring is an algebra in CMod via the usual filtration 

k[[Y]] = K[[Y]] D Yk[[Y]] D Y^k[[Y]] D • • • . 

Moreover, the completed tensor product fc[[y]]cg)Af is canonically isomorphic to 
Af[[y]], for each standard module M. 

All the discussion preceding Proposition 11.11 is valid for arbitrary monoidal cat- 
egories. 

2. NON-COMMUTATIVE POLYNOMIAL EXTENSIONS 

This section is devoted to the study of the twisting maps k[Y] A ^ A ® k[Y], 
where A is an arbitrary algebra. Given a family of maps {aj : A —>■ A)j>Q and 
indices ni, . . . , > 0, we set . . . , n^l = ni + - ■ ■+nr and a„j...„^ — q:„i° • ■ • °a„^. 
Moreover we write 

^3°^ = ^0] id and 7]''^ = ^ a„i...„^ for r > 0. 

\ni,...,nr\=j 

Note that 7]"'^^ = aj. 

Theorem 2.1. Let A be an algebra and s: k[Y] A — ^ A k[Y] a twisting map. 
The equation 

00 

s(y ® a) = ^ aj (a) ® Y' , 

3=0 

defines a family of maps aj : A A, which satisfies: 

(1) For each a £ A there exists jo > 0, such that aj{a) — whenever j > jo. 

(2) aj{l) = 5ji, where dji denotes the symbol of Kronecker. 
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(3) For all j > and all a,b G A, 

oo 

(2.1) a,(afe)^^a,,(a)7f (6). 

r=0 



Moreover, 



(2.2) siY"^ ®a) = }2^j ia)^Y^ 

j=o 

for all r > and a G A. Conversely, given maps aj : A A (j > 0) satisfying 
(l)-(3), the formula (j2.2p defines a twisting map. 

Proof. Let s be a twisting map. The formula for s(y ® a) can be checked easily 
by induction on r, using that s(l ® a) = a (E) I and the compatibility of s with the 
multiplication of k[Y]. Item (1) is immediate and items (2) and (3) are consequences 
of the compatibility of s with the unit and the multiplication of A. Conversely, 
assume we have a family of maps (aj)j>o satisfying (1), (2) and (3). Let 

f:A[Y]^A[Y] 

be the map given by f{aY^) = Y^^o Cii{o)Y^^^ , which is well defined by (1). Since 
r(a) = Y.T=olt^ia)Y^ and obviously r{a) G A[Y], for each a G A and r > 0, 

there exists n > such that [a) = whenever j > n. This establishes the 
well-definition of formula (|2.2p . We leave the proof that s is a twisting map to the 
reader. □ 

Remark 2.2. If s: k[Y] A ^ A ® k[Y] ^ twisting map, then ker(ao) is a 
subalgebra of A. Moreover, 

• If tto = 0, then ai is a endomorphism of algebras. 

• Let V > 1. If ao = and Uj = for \ < j < then 

ajj{ab) — ai{a)au{h) + av{a)a\{h) . 

Example 2.3. If a: A ^ A is an algebra endomorphism and 6: A ^ A \s an 
a-derivation (that is 5{ah) = 5{a)b-\- a{a)5{b))^ then there is a unique twisting map 
s: k\Y] ® A ^ A ® k[Y] such that 

s{Y a) = a{a) ®Y + 5{a) ® 1 for aU a G A. 

Example 2.4. Let A — k[t\/{t^). Consider the family of maps (a^ : A — > A)j>Q, 
defined by 

ao = 0, ai — id, q;2(A + /it) — fit and aj — for j > 2. 
The formula s{Y ® a) — ai{a) ®Y + a2{a) O Y^ defines a twisting map. 

Let a: A Ahe an algebra automorphism and let {Pi: A — > A)i>i be a family 
of maps. For ii, . . . , z; > 1, let 

Note that — Pi. If ii, . . . ,ii ~ 1 we will write p'j^^j instead of /3(i,...,i)- In 
particular = /Jj-i) — Pi. We also write = a. 

Lemma 2.5. Let {aj : A —^ A)j>Q be the family of maps defined by = 0, ai = a 
and 

"J=H H f^i^u■■■.^l) forj>2. 

1 = 1 |ii,...,ii|=j-l 
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Then, for all j > r, 



r>0 

\=j-T 



where L is sum of compositions of a's, a ^ 's and f3i 's, in which at least one (3i with 
i > 1, appears. 

Proof. Since 

aj=M'"'^+E E forallj>l, 

1 = 1 |ii,...,ii|=j-l 



we have 



7r= E 



\ni,...,nr\=j 

\ni,...,nr\=3 



(1) 



as desired. □ 

Let A be an algebra and ip, ip endomorphisms of A. Recall that a map d: A ^ A 
is a (i^, ■!/')-derivation if 

d{ah) = d{a)ilj{b) + (p{a)d{b) for all a,b e A. 

Lemma 2.6. For each i > 1, let Pi: A ^ A be an {a, a^^^)- derivation. Assume 
that if i + i' > 3, then a^{/3i{a))Pii(b) = for all r E Z, and a,b E A. We have: 



(1) (a)i(6) = 0, where L is as in Lemma[ 

(2) // some i„ > 1 and some Uy > 0, then 

(3) If some i^ > 1, then 

^■s an {a, a-') -derivation, 
where j — 1 + ii + ■ ■ ■ + ii. 

Proof. (1) let /i<> • • • where /i — {a, a~^, /3i, /32, . . . } be a term of L. Let iq be 
the least i such that /,; ~ j3j with j > 1. By definition (a) = Pi-^{a'), where 

a' = a~^(/3(i2_...,i,)(a)). If iq = 1, then 

P^Aa'){fl'■■■'fv{b)) ^0, 

by hypothesis. The general case follows by induction on iq using that if /i = a^^, 
then 

A, (a')/i° ■ • • - fi (/r'°/3n («')/2° • • • °fv{b)) 

and if /i = then 



(2) It is similar to (1). 
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(3) We make the proof by induction on I. First assume that m > 1. Then, by the 
inductive hypothesis, 

= A,oa-i(/3(,^,...,,,)(a)ai+'^+-+^'(6) 

= /3(,„...,,,)(a)ai+*i+-+*' (&) + /3(,„...,,,)(a)A,oa^2+-+^, (5) 

+ /3ii(a)a'i°/3(,2,...,j,)(6) + a{a)P^,^^,,,^,^){b) 
= %,...,,,)(a)ai+^i+-+*'(6) + a(a)%,...,,,)(6), 
where the last equahty foUows from the fact that, by item (2), 

Assume now that u — 1. Then, arguing as above we obtain, 
P{ti,...,ii]{ab) = /3(,i,...^,,_i)<'a"^°/3,;,(a6) 

= %....,,,)(a)ai+'i+-+M&) + «(a)%,...,,,)(6), 
as desired. □ 

Theorem 2.7. Let a: A ^ A be an algebra automorphism. For each i > 1, let 
f3i: A ^ A be an (a, a^'^^)- derivation. If 

(1) {j3i{a))f3ii (b) — for all r ^"L and a, 6 G A whenever i + i' > 3, 

(2) For all a ^ A there is n G N such that 

3 

X! X! An, ...,»()(")= for all j > n, 
1=1 |j:i,...,ii|=j 

then, the formula 

oc 

s{Y ® a) = ^ aj (a) F^' , 

where the maps aj : A ^ A (j > 0) are constructed as in Lemma \2.5l defines a 
twisting map s: k[Y] (^^ A ~> A ® k[Y] . 

Proof. By item (2), the maps aj satisfy condition (1) of Theorem 12.11 Condi- 
tion (2) follows from the fact that the /3i's are derivations. It remains to check that 
condition (3) also holds. For j < 1 this is immediate. Assume j > 2 and set 

OQ 

T ^Y.'^r{aW;\b). 
On one hand, by Lemma [2.51 and [2T6l 

T = Y.ar{aW[\b) 



i-1 

1=1 |ii |=j-l 1=1 \ii,...,ii\=j-l 

+e(e E %,....,)(«)) Uw+ E 

r=2 \ (=1 [ii,...,ii\=i — 1 / \ \ni,...,nr\=j—r 
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i-1 i-1 

1=1 |ii,...,ii|=j-l 1=1 \ii,...,ii\=j-l 
r—2 Im , . . .,nT- 1 — J — r 



On the other hand, since by item (3) of Lcmma l2.6l is an (a, a-' )-derivation 

whenever some i„ > 1, we have 

i=l |ii,...,ii|=j-l 
1=1 |ii,...,ii|=j-l 

So, in order to finish the proof it suffices to show that for all j > 2, 
Pli^'\ab) - a{a)p[^'\b)+pl^'\a)a^{b) 

+E E /3(V(a)/3fr;^---<f^w- 

r=2 \ni,...,nr\=j — r 

We proceed by induction on j. When j = 2, 

f3\^{ab) = (3i{ab) = a(a)/3i(&) + /3i(a)a2(6), 
since /3i is an (a, a^)-derivation. Assume that the result is valid for j. Then, 

= /3i (aa-io/3fi-''(fe)) (a^io/3g-i)(a)a^-i(6)^ 

\ r— 2 \n\,....n.r\—j — r 

= a(a)/3g(6)+/3g(a)a^+i(6) 
+ /3i(a)ao/3g-i) (6) + /^g-^' (a)/3i ^ (&) 

+ E E /3S(a)a<;'"---<f^(6) 

r—2 Im ,. . . ,71.^. I — J — r 

+E E /3!;r^'(a)/3fr^^=---/3frf'(6) 

r—2 Im ,. . . ,71,. I — J — r 

= a(a)/3g(fe)+/3g(a)a^+i(6) 

+E E /3(V^^(a)/3;r;)=---/3frf'(&). 

This finish the proof. □ 

Corollary 2.8. Let A be an algebra, a: A A be an algebra automorphism and 
(3: A A be an {a,a'^)-derwation. Let {aj : A A)j>o be the family of maps 
defined by ao — and aj — [/3°a^^y for j > 1. If fS^a"^ is locally nilpotent 
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(that is, for each a G A there exists n > 1 such that (/3°a ^)"(a) ~ 0), then the 
formula 

oc 

s(y (g) a) = ^ aj (a) ® 
defines a twisting map s: k[Y] (E) A —>■ A ()S) k[Y]. 

Proof Take /3i = /3 and (3j = for j > 1 in Theorem O □ 

Example 2.9. Let A = fc[t]/(i"). Let D: A Ahe the derivation defined by 
D{P){t) = P'(t)t^. The formula 

OC 

s{Y ® P) = P ®Y + ^ D'{P) ® y^+i 
i=i 

defines a twisting map s: k[Y] ® A A ^ k[Y] . 

3. Twisted planes 
The aim of this section is to study in detail the twisting maps 

s: k[Y] ®k[X] -> k[X]^k[Y]. 

Theorem 3.1. Let J2ij Hj^' ® Y^ e k[X] ® k[Y]. If q.j = whenever i < I or 
j < 1. then there is a unique twisting map s: k[Y] k[X] —^ k[X] (E) k[Y] such that 
s{Y ® X) — Qij^^ ^ . Moreover s{Y^ ® X^) ~ whenever r,s > and 
r + s> 2. 

Proof. First we assume that a such twisting map exists and we prove that it satisfies 
s(Y'' (g) X'') if r,s > and r + s > 2. Let (aj)j>o be as in Theorem O 
So, aj{X) — J2i1ij-^^- The hypothesis means that ao{X) — ai{X) = and 
aj{X) e X'^k[X] for each j > 2. Consequently, by Remark 12.21 cto = and ai is 
the evaluation at 0. We assert that aj(X") = for each j > and n > 2. For 
j = 0, 1 this is clear. Assume a;(X") = for all I < j and n > 2. Then, by item (3) 
of Theorem 12.11 we have 

which vanishes, because clearly ani...nr{^) = if ri^ < 1, and also if > 2 since, 
in this case, a„^(X) £ X'^k[X] and n^-i < j. Assuming now that n > 3 and 
Qj(X") — 0, using again item (3) of Theorem 12. 11 we obtain 

a,{Xn-i2^r{X^hl'\x-')^0. 

r=2 

It is now easy to check that s{Y^ X'^) — whenever r, s > and r + s > 2, as 
wanted. Finally, to check the existence of s, it suffices to note that the family of 
maps {aj : A — > A)j>Q, defined by ao = 0, = 6in and 



'E^>0Q^3X' ifn=l, 

otherwise. 



for j > 2 satisfies the conditions required in Theorem 12. 11 We leave the details to 
the reader. □ 

Definition 3.2. A twisting map s: k[Y] eg) k[X] k[X] g) k[Y] is upper bounded if 
there exists ng G N such that a„ = for all n > uq. It is lower bounded if t'>s°t is 
upper bounded, where r denotes the flip. Finally, we say that s is bounded if it is 
upper and lower bounded. 
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Example 3.3. Twisting maps associated with Ore extensions a, 6] are up- 

per bounded, but in general they are not lower bounded. The twisting maps intro- 
duced in Theorem 13. II are bounded. 

By the sake of continuity the proof of the following result is relegated to an 
appendix. 

Theorem 3.4. Assume that k is a commutative domain. Let 

J2<1^3X' (g)Y^ e k[X] (E) k[Y]. 

The following facts hold: 

(1) // Qio = qn ^ for all i > and there is a (necessarily unique) upper 
bounded twisting map s: k[Y] ® k[X] — > k[X] (g) k[Y] such that 

s{Y^X) = "^q,jX'^Y\ 

then qoj = qij = for all j >0. 

(2) If qoj = qij — for all j > and there is a (necessarily unique) lower 
bounded twisting map s: k[Y] ® k[X] —> k[X] (g) k[Y] such that 

s{Y®X)=Y,Q^JX"®y', 

then qiQ = qn — for all i > 0. 

We say that a twisting map s: k[Y] ® k[X] k[X] ® k[Y] is almost null if it is 
equivalent (in the sense introduced above Proposition II. ip to one of the twisting 
maps considered in Theorem 13. II 

Corollary 3.5. Assume that k is a commutative domain. Let 

J2<lljX' 'S)Y^ ek[X](Ek[Y]. 

Consider the polynomials 

P.,{Z) = Y,ql,Z- and Q,iZ) ^ I'mj^^ fiJ>0). 

n>0 m>0 

The following facts hold: 

(1) There is an almost null twisting map s' : k[X] k[Y] k[Y] k[X] such 
that 

if and only if there exist A, ^ G fc satisfying: 

(a) Po(0 = 0, Pi(C) = t PoiO = PiiO = and^ is multiple root of 
Pi{Z) for each i > 1. 

and 

(b) Qo('^) ~ 0, Qi(A) = A, Q'q{X) — ^, Q'li^) — and A is multiple root 
of Qj{Z) for each j > 1. 

Moreover, the equivalence s' ~ s is realized by means of the automorphisms 

/: k[Y] k[Y] and g: k[X] k[X], 
defined by f(Y) = Y - £, and g{X) = X - \. 
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(2) // there exist G A; that satisfy item (a), but not item (b), then there is 
not an upper bounded twisting map s' : k[Y] (S)k[X] — > k[X] (^k[Y] such that 

s'{Y®X) = Y,q[^X'®Y=. 



(3) // there exist X,^ £ k that satisfy item (b), but not item (a), then there is 
not a lower bounded twisting map s' : k\Y] ® k[X] — > k[X] ® k\Y] such that 

s\Y ® X) = Y,i[jX' ■ 

Proof. It is easy to check that s' : k[Y] ® k[X] — *■ k[X] eg) k[Y] is an almost null 
twisting map if and only if there exist A, ^ G /c such that 

S = {9-'®f-'Wo{f(g>g) 

satisfies the conditions required in Theorem 13. 1[ where 

f : k[Y] k[Y] and g:k[X]^k[X] 
are the automorphisms defined by f{Y) — Y — £^ and g(X) = X — X. Write 
s{Y (g)X) = Y, 9y and s'(y ® X) = ^ q'^^X' (g) Y^ . 

ij ij 

A direct computation shows that 

siY (g,X)^ ((5-1 (g, f-')os'o{f ® g)) {x ® X) 

= E( E C") ^'""'^""'^H X^^Y^ ~X®^~X®Y-X®t 

ij \mn=0 V * / V-^/ / 

where we adopt the usual convention that a combinatorial numbers are zero if its 
numerator is lesser than its denominator. Clearly the following facts hold: 

(1) Qio — q^i — for alH > if and only if A and ^ satisfy: 

00 

(3.1 a) ^"'Cq'mn - = 0, 

17171 — 
00 

(3.1b) E "^^'""'^^"n-^^O' 

17171 — 

(3.1c) (7)^'""'^"'?;„„ = for each z>l, 

m7i— 
00 

(3.1 d) Y nX^C-'q'rnn " A = 0, 

m7i— 

(3.1 e) Y rh^'^^'ClLn for each z>0. 



m7i— 
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2) qoj = qij = for all j > ii and only if A and ^ satisfy: 

oo 

3.2 a) ^™?>™n - A? = 0, 



mn— 

It is easy to check that conditions (3.1 a)-(3.1 e) are equivalents to 



■mn— 
oo 



3.2 b) J2 nX'^C-'qLn - A = 0, 

mn— 

3.2 c) £ ('')x"'C-'qLn for each j>l, 



mn— 

oo 



3.2 d) 5] mA™-irg:„„-e-o, 

mn— 

oo . ^ 

3.2 e) mrM'^-'C-'qlnn for each j 



3.3 a) P,(0 = ^r9:„=0 for*^l, 

n^O 

oo 

3.3 b) Pi(e)-e=.^e>i„_e = 0, 

n^O 

oo 

3.3 c) p^(^)-A = ^nr-'go„-A = 0, 

oo 

3.3 d) PliO = ^ nr-'g:„ for * > 0, 

n=0 

and that conditions (3.2 a)-(3.2 e) are equivalents to 

oo 

3.4 a) g, (A) = =0 for 1, 

m— 

oo 

3.4b) gi(A)-A= ^ A™g:„i-A = 0, 

m^O 
oo 

3.4 c) g[,(A)-C= 5]mA"-i(zU-C = 0, 

oo 

3.4 d) g; (A) - ^ mA"-ig:„^- for j > 0. 

m=0 

So, equalities (3.3 a)-(3.3 d) correspond to the hypothesis of Theorem 13.41 (1) and 
to the thesis of Theorem 13.41 (2) and equalities (3.4 a)-(3.4 d) correspond to the 
hypothesis of Theorem l3.4l (2) and to the thesis of Theorem l3.4l il). The proof can 
be easily finished using Theorem 13.41 and these remarks. □ 

Corollary 3.6. Let q[jX'' (g> e k[X] (g> k[Y]. The following facts hold: 

(1) // q'^Q = for all i and q[i — for all i > 1, then there exists an upper 
hounded twisting map s' : k[Y] k[X] k[X] ® k[Y] such that 

s'iY^X)=Yq'vX'^Y^, 
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if and only if Qqi is a multiple root of Qj (Z) = ^ q'^^ Z™ for each J > 1 • 

m>0 

(2) // q'gj — for all j and q[j — for all j > 1, then there exists an lower 
bounded twisting map s' : k[Y] ® k[X] k[X] ® k[Y] such that 

s'{Y®X)^Y.l'^3^'®^'^ 

ij 

if and only if q'lQ is a multiple root of Pi{Z) — ^ Qin^"^ foi^ each i > 1. 

n>a 

Proof. Item (2) follows immediately from item (1), since s' is a twisting map if 
and only if t°s'°t is, where r is the flip. So, we are reduced to prove the first 
item. This follows from Corollary 13.51 since {qQ^ , 0) satisfies the conditions asked 
for (A, ^) in item (l)(a) of that corollary and {q'^i, 0) satisfies those required to (A, ^) 
in item (l)(b) if and only if qQ^ is a multiple root of Qj{Z) — X^m^o^mj^™ 
each j > 1. □ 

The Corollary gains in interest if we realize that in item (1) we get all the upper 
bounded twisting maps with ao — and ai the evaluation at an element of k. 



4. Non-commutative extensions of the dual numbers 

It seems very difficult to compute all the twisting maps s: k[Y]® A ^ A(i^ 
for a particular algebra A. In this section we accomplish this for A = k[t]/{t'^) 
using the evident fact that s is a twisting map if and only if t°s°t is also, where r 
denotes the flip. 

Theorem 4.1. Let A be an algebra and s: k[t]/{t'^) ^ A ~> A k[t] / {t"^) a twisting 
map. The maps lq: A A and ti : A — > A, defined by 

(4.1) s{t(g) a) = Loia) (E>1 + Li{a) (E)t, 

satisfy: 

(1) ii is a morphism of algebras. 

(2) Lo{ab) = Lo{a)b + Li{a)LQ(b) (that is, lq is an bi-derivation). 

(3) ix) = Q and lq°li ~ — ii°io. 

Conversely, given maps lq- ^ ~^ A and ui: A ^ A satisfying (l)-(3), the for- 
mula (|4.ip determines a twisting map. 

Proof. Left to the reader. □ 
Lemma 4.2. We define 

N-n 



I — n V / 



fe=0 

Then the following facts hold: 



(4.2) 2A^^AZll = {-l) 

(4.3) 2A^^A^_, = {-ir- 



N aN-1 _ I 1^7V- 

n 

N + 1 
n 



(4.4) 2< = (-1)^^ +1, A%^ 1. 
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Proof. Assume TV - n = 2j is even. Since - ("+^+^) = -C^J), 



^ ^ • 2k\ /iV\ . .„ v^/n + 2fc-l 

n — 1 



Summing both results, we obtain 



2<.X;(-i)«C-^;')+(-i)~-p, 



fe=0 

and so 

2A^ = A^li + (-l)^-" 



which is (14. 2p . The case N — n odd is similar. The equality ()4.3p follows from 
Finally, (14. 4p can be easily checked by a direct computation. □ 



Lemma 4.3. A vector y = [yi) G A;™ satisfies the set of equalities 

m — 1 

X! y^+^^\-h = for all h = 0,...,m-l, 

i—h 

where A'^ — X]fc!jo"(^l)'^("^'^); */ '^^^ on/y if it satisfies the set of equalities: 
'^{l)yi^ i-'^)''yh for all h^O,...,m. 



i—h 



Proof Set 



rn—l 



- ^ and B(M = ^ f - (-1) V- 

i=h i=h ^ ^ 

We claim that 

2A{h) - A{h + 1) = {-lfB{h +1) for all h = 0,...,m-l. 
From this equality and from A(0) B{0) it follows by induction on h that 

=^(-l)'=2''-'''B(fc), 

fe=0 

and hence the lemma. Now we prove the claim: 

m— 1 m — 1 

2A{h) -A{h + 1) = ^^l-hU^+i - E ^-h-ly^+l 

i—h i—h-\-l 
m — 1 



m— 1 



= E (-i)'0^!)y.+i + y.+i((-i)" + i) 



= EM)''(,;>^+^-^ 

where the third equality follows from equalities (|4.3p and ()4.4p . □ 
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Theorem 4.4. Let s: k[t]/{t'^) ^k[Y] k[Y] ®k[t\/{t^) be a twisting map and let 
Lj : k\Y] k\Y] (j = 0, 1 j 6e the maps introduced in Theorem \4.1\ Write to(^) = Q 
and Li{Y) = P. IfQ^ J2Zo ^ 0' ^^^n P = -Y + po and 

(1) If Po = 0, then qi — for i odd, 

(2) //po + 0, then ^ vMoV'o'' = ("l)'* /"'^ z = 0, . . . ,m. 

(Note that item (2) implies that m is even). Conversely, if Q = and P is arbitrary 
or P = — y+po o,''^d conditions (1), (2) are satisfied, then there is a unique twisting 
map s: k[t]/{t^) ® k\Y] k\Y] ® k[t]l{t^) such that in{Y) = Q and ii{Y) = P, 
where the maps lq and li are defined as in Theorem \4.1\ 

Proof. Let s be a twisting map. Assume Q 0. In the sequel we adopt the 
convention that P° = 1 even if P = 0. It is easy to check by induction on I, that 

/-I i~i 
(4.5) Lo{Y') = Y,^iiYy^o{Y)Y'-'-^ = qY^P^Y''"'^- 

1=0 1=0 

We claim that dg(P) = 1. Suppose dg(P) 7^ 1 or P = 0. Let ^ > 1. If dg(P) > 1, 
then to(y') has degree {I — l)dg(P) + dg{Q), and if P is a constant, then it has 
degree 1 — 1 + dg{Q). In both cases it is easy to see that = Q dg((5) — 0. Let 
Q = q E k \ {0}. It is immediate that if dg(P) > 1, then lo{li{Y)) = lo{P) has 
degree (dg(P) — 1) dg(P). Since li{lo{Y)) — q, it is impossible that to°'^i = — '-i^'-o- 
So P = or dg(P) < 1. If P is a constant, then lo{li{Y)) — and also in this case 
to"'-! 7^ —t-i't-o- This proves the claim. Write P = piY + po- We assert that the 
following facts hold 

m— 1 m— 1 i / ■ \ 

(3) ^1{y)^qy.i: E , \ Vr^'v^w^"- 



h—0 i—h j—i — h 
m m 



(4) iMY)) = EE ( - J^^PrVi^^' and i^{i,{Y)) = p,Y^q^Y\ 

i=0 j=i ^ i=0 

In fact by (|4.5p . we have 

m m 2 — 1 

4{Y) ^J2iMYl = gEE^^^'^^"'"'- 

1=0 1=1 j=0 

Since P^ — J2i=o (])?'i Vo^"' 'i this gives 

m i—lj , .\ 

^o(5^)-QEEE*(>r'^^o>^^-'-^ 

1=1 j=0 1=0 ^ ^ 

A change of indices yields item (3). Next we check item (4). We have 

i^MY)) = E <iMYy = E E * (])p'f'poy'-' = E E * • 

j=0 j=0 1=0 ^ ^ j=0 i=0 ^ 

Interchanging the sums we obtain item (4), since the second equality is clear. Con- 
sidering now the terms of maximal degree in items (3) and (4), we get 

m— 1 

Epi=0 and pT^-Pi, 
3=0 

since, by Theorem 14.11 we know that 

(4.6) ''1{Y) = and hMY)) = -lo{i^i(Y)). 
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Hence pi = —1 and equalities (3) and (4) become 

m — Im— 1 i / . \ 

(5) ,i{y)^qy^y. E f^:^ J(-ir'+'prw>^'. 

m m ^ m 

(6) lMY)) = J2J2(%Pi''(~^y^' ,o{^,{Y)) = -Y.q.Y\ 

From this it follows immediately that equalities ()4.6p implies items (1) and (2). 
Now we prove the second part. First note that for P,Qe k[Y] arbitrary, equalities 
Lo{Y) — Q and li{Y) = P determine unique maps lo,li: k[Y] k[Y] satisfying 
conditions (1) and (2) of Theorem 14. II Clearly condition (3) is also fulfilled if and 
only if Lq{Y) — and ti(to(F)) = —lq{li{Y)). When Q = these last equalities 
are trivially true. Assume now Q ^ and P ^ —Y+pq. Then, arguing as above, 
we obtain that (5) and (6) are satisfied. From this it follows immediately that, if 
Po = and qi ~ for i odd, then equalities (|4.6p are true. Assume now that po ^ 0. 
In this case from (5) and (6) it follows that Lq{Y) = is equivalent to the fact that 
the gi's satisfy 

m — 1 

E Qi+ipV'^^i^h =0 for all /i = 0, . . . , TO - 1, 

i=/i 

where := 'Zk=o' i'^)'' Cn'') ^^'^ t^^* i^iMY)) = -i^a{ii{Y)) is equivalent to 
the fact that the g^'s satisfy 



E ( ^ ) I^P'o"' = (-1)'* f"'^ aU * = 0, . . . , TO, 



J 
i 

which is true by item (2). But, by Lemma 14.31 applied to {j/i = QiPo}-: the last set 
of equalities implies the first one. So the theorem is proved. □ 

In the previous theorem we found necessary and sufficient conditions, on poly- 
nomials P, Q G k[Y], in order that a twisting map 

s: k[t]/(t^) (g) k[Y] k[Y] ® k[t]/{t^) 

such that s(t F) — P0t + Q 1 exists. If Q = 0, then P is arbitrary and if Q 7^ 
then P = —Y+po and items (1) or (2) of Theorem l4.4l must be satisfied, depending 
on if Po = or po ^ 0. In the first case the condition is simply that Q G fc[y^] . The 
second case is more involved and we give a complete solution under the hypothesis 
that fc is a characteristic zero field. 

Corollary 4.5. (Classification of the non-commutative extension of the algebra of 
dual numbers by k[Y]). Let k be a characteristic zero field. If Q ^ 0, then any 
choice of Po G fe \ {0}, to even and go, 92, • • ■ , 9m G k, with 7^ determines 
univocally polynomials P — —Y+po and Q — X^I^Lo satisfying condition (2) 
of Theorem \4-.4\ 

Proof. For each i > 0, let yi = qip},. Consider y = (j/o, • ■ • , ym) as a column vector. 
By item (3) of Theorem 14.41 there is a twisting map 

s: k[t]/{t^) (g) k[Y] k[Y] ® k[t]/{t^) 

such that s(t ® y) = F i + Q (g) 1, if and only if {^y^ - (-l)'?/., = for 

i — 0, . . . ,m. Write the system of equations 

^(*) = E u - (-i)'y* = (.? = 0, . . . ,to) 



3= 
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in the matrix form Cy = 0. It is then easy to see that C — {cij)^^. -^^^ is 

1 1 \ 

6 (T) 



/O 1 1 1 1 1 1 

2 2 3 4 5 6 

3 6 10 15 

2 4 10 20 







15 
6 




VO 



(3) 

C) 



2 (7)7 



By the shape of this matrix it is clear that the even rows are Hnearly independent 
and so we only need to prove that rank(C) = to/2. For this it suffices to check that 



(4.7) 



k=0 



for n > 1 and i = 0, 



since then the even columns will be linear combinations of the previous ones. Let 







otherwise, 



otherwise. 



Since El^n + 2n — in order to prove (|4.7p it is enough to show that 



A:=0 



E : (-l)^c.,_. for..O,...,TOand,>.. 



This follows immediately from the equalities 



fe=o 



fc=0 



for i = 0, . . . , TO and j > n. The first and the third one can be checked by a direct 
computation, while the second one by induction on n. □ 

Let s, P and Q be as in Theorem 14.41 Let aj : k[t]/{P) k[t\/{t^) be the maps 
defined by 

00 

T°s°T(r (g) = ^ a.j{t) ® Y', 
3=0 

where r is the flip. If Q = and P = J2'i=oPi^^ ^ then aj{t) = pjt. If P and Q are 
as in items (1) and (2) of Theorems 14.41 then 



qo + Pot if j = 0, 
qi-pit ifi = l, 

if 2 < j < TO, 
if J > "Ti- 
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5. Twisted extensions by power series 

Let fc be a commutative ring. This section is devoted to the study of twisting 
tensor products between the power series ring fc[[y]] and a filtrated complete algebra 
A. Hence we work in the monoidal category CMod of complete filtrated fc-modules 
(see Section 1). Recall that the tensor product of CMod is denoted by (§>. We will 
use freely the notations introduced in Sections 1 and 2. 

Lemma 5.1. Let A be a filtrated complete algebra and (a^ : A — > A)j>Q a family 
of continuous maps. If for each i > there exists uq > such that q;q (A) C Ai 
for all n > no, then for each i,j > there exists > such that j^^\Ah) C Ai 
whenever r + h > rQ. 

Proof. We proceed by induction on j. First we assume j — 0. By hypothesis there 
exists no > 0, such that ^q^\A) = cto{A) C Ai whenever n > uq. Since ao is 
continuous, there exists ho >0 such that 7g"''(A/j) = ao{Ah) C Ai, for each n < no 
and h > ho. Clearly we can take rg = no + ho. Assume the lemma is valid for j 
and write 

r-l j + 1 

(r) li (r-ii-1) 

ii=o;2=i 

Since Q-oiA) C Ai for all n > no in order to complete the inductive step it suffices 
to show that for all h < no and I2 < j + I, there exists tq > such that 

ao'-ai^nj'^iliJ'H^h) C Ai whenever r + h>ro, 

which follows immediately from the continuity of ag ^ai^ and the inductive hypoth- 
esis. □ 

Remark 5.2. If s: fc[[y]](8)A A(§k[[Y]] is a twisting map, then ker(Q:o) is a closed 
subalgebra of A. Moreover, 

• If Qfg = 0, then ai is a endomorphism of algebras. 

• Let V > 1. If ctj = for 1 < j < v, then 

a^{ab) = ai{a)a^{b) + ai,{a)ai{b). 

Theorem 5.3. Let A be a filtrated complete algebra and s: k[[Y]](E)A A(E)k[[Y]] 
a twisting map. The equation 

00 

s{Y(^a) =^aj{a)®Y^ , 
j=o 

defines a family of maps aj : A A, which satisfies: 

(1) The aj 's are continuous maps. 

(2) For each i >0 there exists no such that ao{A) C Ai for all n > ng. 

(3) aj{l) = 6ji, where 6ji denotes the symbol of Kronecker. 

(4) For all j >0 and all a,b e A, 



aj{ab) — ctrio-)jj (b) (this formula makes sense by Lemma \5.1\) . 

Moreover, 
(5.1) 




Conversely, given maps aj : A A (j > 0) satisfying (l)-(4-), the formula (|5.ip 
defines a twisting map. 
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Proof. Items (1) and (2) follows easily from the contimiity of s, and items (3) 
and (4) can be checked as in the proof of Theorem 12.11 To check ()5.ip we can 
assume that only one ^ 0. In this case we can proceed again as in the proof 
of Theorem 12.11 Conversely, assume we have a family of continuous maps (ckj)j>o 
satisfying (1), (2), (3) and (4) and define s by the formula (|5.ip . By Lemma [5.11 
this map is well defined and it is continuous. We leave the task to prove that s is 
a twisting map to the reader. □ 

Theorem 5.4. Let a: A ^ A be an automorphism of filtrated completed algebras. 
For each i > I, let [3i: A ^ A be a continuous {a, a^^^)-derivation. If 

{j3i{a))Pii (b) = for all r £ Z, and a,b £ A whenever i + i' > 3, 

then, the formula 

oo 

s{Y (g) a) = ^ aj{a) » , 

3=0 

where the maps aj : A ^ A (j > 0) are constructed as in Lemma \2. 5\ defines a 
twisting map s: k[\Y]]®A —f A®k[\Y]]. 

Proof. Mimic the proof of Theorem 12.71 □ 

Lemma 5.5. Let J2ij '^ij-^^'^^'' ^ Assume that a^o = for all i. 

The equality 

defines a continuous algebra map Qi : —>■ k[[X]] if and only if the independent 

term aoi of ai{X) is nilpotent. Moreover, in this case, there is a unique family 
continous maps (ckj : k[[X\\j that satisfy 

aj+i(l) = 5j+i,i, 

a,+i(X"+i)=X:«.(^")7SiW, 

for all j >1. 

Proof. The first assertion it is immediate. In order to prove the second one it will 
be sufficient to show that 

n-j+l 

a,{X-)£ J2 a-oi'-''^'X^k[[X]] ifn>j. 

We will prove this fact by induction on j. For j — I this is clear. Assume it is true 
for j and for aj+i{X^) with j < h < n. Then, by the inductive hypothesis and the 
facts that, 

i+i 

a,+i(X"+i)=^a,(X")7Si(X) 

s=l 

and 

7];V^(^) = e a,,k[[X]]+Xk[[X]], 



20 



JORGE A. GUCCIONE, JUAN J. GUCCIONE, AND CHRISTIAN VALQUI 



we get that for all n > j, 

j n-s+l 

a,+i(X"+i) <r-''^'X^m]]+<p-'^X^k[[X]]iaoik[[X]]+Xk[[X]]). 

s=l r=0 

Using this the proof can be easily finished. □ 

Theorem 5.6. Let J^ij a^jX'(E)Y^ e A;[[X]]^/c[[r]] . If aio = for all i and aoi 

is nilpotent, then there is a unique twisting map s: k[\Y\\®k[[X]] — > 
satisfying 

s{Y®X) = a,jX'®Y^ 

Moreover 

where Uj : k[[X]\ — > fc[[X]] (j >l) are the maps introduced in Lemma \5.5[ 

Proof. The uniqueness and the last assertion are immediate. Let us prove the 
existence. Let ao = 0. By Lemma [5.51 we know that the maps aj are well defined 
and continuous. Moreover, it is evident that items (f ), (2) and (3) of Theorem 15.31 
are satisfied. So we only must prove item (4), which (by linearity and continuity) 
reduce to check that 

j 

aj(X™X") = ^a/(X")7j'^(X") for all m,n>0. 
1=1 

For j ~ 1 this follows from Remark [521 Assume that the result is true for aq with 
q < j and for ajiX'^X^) with b < n. By the recursive definition of aj and the 
induction hypothesis, 

j 

r=l 

r=l 1=1 

= ^^a,(X™)7«(X")7f (X). 

1=1 r=l 

So it is enough to show that 

7f = ^7^'H^")7f (^) for / = 1, . . 

r=l 

We prove this formula by induction on /. When I — 1 this is true by the recursive 
definition of aj{X''+^) = j^/\x''+^). Suppose / > 1. Then, we have 

7f(X"+i)='^' Y a,,(a,,...,,(X"+i)) 
91=1 \q2,---,qi\=j-qi 

q=l 

q=l s=l-l 
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s=l-l q=l h=l 
s—l—1 h—1 q—h 
r=l 

as desired. □ 

Remark 5.7. Let Y.ij "'ij^'^®^^ ^ k[[X]]®k[\Y]]. Suppose that a^j = for all j 
and aio is nilpotent. By Theorem 15.61 we know that there exists a unique twisting 

map s: k[[X]]®k[[Y]] k[[Y]]^k[[X]] satisfying 

s{X(g)Y) = ^a^jY^(g>X\ 

But then the map tos^t, where r: fc[[F]](g)fc[[X]] —f k[[X]]®k[\Y]] is the flip, is a 
twisting map taking Y ® X io J2ij aijX^®Y^ . 

Appendix A. 

This appendix is devoted to prove Theorem 13.41 So, we assume that is a 
commutative domain. Since s: A;[y] (g) k[X] k[X] ® k[Y] is a twisting map there 
is a family of maps (a„ : k[X] k[X])n>o satisfying the conditions established in 
Theorem 12.11 An easy argument (see the proof of Theorem 13.41 at the end of this 
appendix) shows that, under the hypothesis of item (1) of Theorem 13.41 = 0, 
ai = evQ and there exists v > 2 such that and — for 1 < k < i^. We 

do not will use these facts until Lemma [A. 51 

Lemma A.l. Let jo,rQ > 0. If ai{X^°) = for all I <rQ, then ai{X^) — for all 
I < To and j > jo. 



Proof. By item (3) of Theorem 12.11 

I 

ai{X^) - ^a„(X^«)7f''(A^-^°) = 0, 

for all I < ro and j > jo, as desired. □ 
Lemma A. 2. Let jo,po > and a > 1 be integers. If 

(1) ai{X^°) ^ for all I < po, 

(2) 7^'^ (A) = for all I > po and s < I + a, 

then ai(A-'+*) = for all i > 0, I < po + ia and j > jo- 
Proof. Note that the case i = follows immediately from Lemma lA.ll We now 
prove the assertion for i = 1. Take j > jo and I < po + o,- By item (2) we have 
jI'^^X) = for all h > po, since I < po + h. So, 

oo Po 

miX^+') = Y,a^{X^)^['^\x) = Y,au{X')^\''\x) = 0, 
h=a h=0 
where the last equality follows from the case i — 0. An easy induction argument 
on i concludes the proof. □ 

Lemma A. 3. Let jo, po > and a > 1 be integers. Assume that 
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(1) a,„+i(X^")^0, 

(2) ai{X^°) = for all I < po, 

(3) 71'-' = SisCVq for all I > po and s < I + a, 

(4) 7;+a = aio aa+i for all I > po. 
Then 

= ap„+i(X-'")ai^,+i(X")' for all u > 1 and i > 0. 
Moreover, if for each u > I there is an i > such that apg-^-ia+i{X^°'^''") = 0, then 
ai,a+i = 0, 

apo+m+i(^^°+™) = for allu>l and i > 1, 
7^'-' — SisCVo for all I > po and s < I + a. 

Proof. For z = the first assertion is trivial. Suppose it is true for i. By Leniina [A.2[ 

a/(X^''+™) = for/<po + ia, 

since jo + {u — l)i > jo. Write p ~ p^ ^ ia ^ \. By item (3), we know that 
7^'j„(X") = for all I > p. So, 

OO 

= «p(X^"+»)7^t(X") 

where the third equality follows from the inductive hypothesis and item (4). It is 
now clear that if for each u > 1 there is an i such that apg+ia+i{X^"^'^'^) = 0, then 
Q;i^a+i(X") = 0, for all u > 1. Combined this with item (2) of Theorem 12.11 we 
obtain ai^a+i — 0. The remainder assertions follows now easily. □ 

Lemma A. 4. Let 6, rii, . . . , rt; > > 2 be integers such that: 

(1) ELin,<il-l)b + ,y, 

(2) Ifi>2 and n.j < b, then > b{i' - 1) + 2, 

(3) If v = 2, then ni_2 > 25 — 1 for all i > 3 with Ui < b and n^-i < 26 — 2. 
Then ni = v and ni — b for i — 2, . . . ,1. 

Proof, li Hi > b for all i, then by item (1), 

- 1)6 + J/ > ^ Hi > bl. 

1=1 

Hence b = ni = ■ ■ ■ ~ ni ~ v . Thus we can assume that the set of the indices 
ii < «2 < ■•• < inn such that Hi- < b, is not empty. We claim that m — 1. 
In the hope of reaching a contradiction we assume m > 2. We consider first the 
case V > 3. This implies 2 + i' + {i^ — 1)6 > 26. Set M := {z2, . . . ,im}, write 
M -1 := {i-1 : i e M} and set L := {ii} U Af U {M - 1). From item (2) it follows 



TWISTED PLANES 



23 



easily that 12 > 2 and {ii}, M and {M — 1) are pairwise disjoint sets, which imphes 
#L = 2m — 1. Again by item (2), we have > h{v — 1) + 2, for i G M. Thus, 

^ rii = + ^ + ^ Ui 

ieL i£M iGM-l 

> ly + {m - + {m - l){b{iy - 1) + 2) 

> + (to - 1)26, 

since — 1)6 > 26 and to — 1 > 0. Moreover, rii > b for i ^ L, and so, 
I 

^ = ^ + ^ > + (to - 1)26 + {I - {2m - l))b = ly + b{l - 1), 

1=1 ieL i^L 

which contradicts item (1). It remains to consider the case v = 2. Set 
I := {ij : j > 2 and 6 + 2 < n,._i < 26 - 2} 

and 

J := {ij j > 2 and rii.^i > 26 — 1}. 
By item (2), we have {ii < i2 < ■ ■ ■ < im} = {h} U / U J and i-z > 2. Write 

/- 1 := {i - 1 : i e /}, I - 2 := {i - 2 : i e 1} and J - 1 := {i - 1 : i e J} 
and set 

/:=/U(/-l)U(/-2), J:=JU(J-1) and K := {h} U I U J. 

We assert that {ii}, /, J, /—I, J— 1 and 1 — 2 are pairwise disjoint. It is immediate 
that for / and J this is true. By definition, if z S / — 1, then > b + 2. 

Therefore i ^ {ii, . . . , i,„} and so / — 1 is disjoint from {ii} U / U J. Similarly J — 1 
is disjoint from {ii} U / U J. Moreover (/ - 1) n ( J - 1) = 0, since / n J = and 
similarly (/ - 2) n (/ - 1) = = (/ - 2) n ( J - 1). It remains to check that 

(A.i) {ii} n (/ - 2) = / n (/ - 2) = J n (/ - 2) = 0. 

But by item (3), 

ie/-2^z + 2e/=> ni+2 < b and n^+i < 26 - 2 ^ tIj > 26 - 1 > 6, 

from which (|A.1|) follows immediately. This finishes the proof of the assertion. It 
is immediate now that 

k==l + 3ki + 2fc2, 
where k — #if , fci = and k2 = if J. Moreover, 

Tii + nj_i > 2 + 26 - 1 = 26 + 1 for aU i G J 
and by condition (3), 

Tii + m-i + ni-2 > 2 + 6 + 2 + 26 - 1 = 36 + 3 for aU z e /. 

Thus, 

^ > 2 + (36 + 3)fci + (26 + l)/c2 > (fc - 1)6 + 2, 

since fci > or fc2 > by assumption. Since Ui > b for i ^ K, we obtain 
I 

= ^ni + ^n,> {k -l)b + 2+ {I - k)b= {I - 1)6 + 2, 

i=l ieK i^K 

which contradicts item (1). Hence m = 1, but then 

/ 

[l - l)b + ly >^ni > {I - 1)6 + ly, 

i=l 
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where the first inequahty is item (1). So n^^ = v and rii = b for i ^ ii. By item (2) 
this is only possible if ii = 1. □ 

In the sequel we assume that ag = 0, ai = evg and there exists n > 1 such that 
a„ 7^ 0. Let v be the least number satisfying this property. By Remark 12.21 we 
know that a^{X) ^ 0. We define 

r,(6) ^ ~ ^^^^ ~ iorb>v and j > 1. 

Lemma A. 5. Let fci > and b>v he integers. Assume aik — for k — 2, . . . , ki. 

(1) If I > ki, then 

(2) If V ^2,h>A and ^ for 2 < i < b + 1 and j < b, then 

as long as ki < 26 + 8 and I > b + 2. 

(3) Suppose aij = for 2<i<l + {i' — 1)6 and j < 6. When v — 2 also 
suppose that aijk = for 2<i<2b — 2, j<2b — 2 and k < b. Let jo G IN 
arbitrary and set tq — rj^ (6) . We have 



and 



7/+fci = a[ ^ °afci+i, 



as long as ki < — l)b^° and I > tq with {I, ki) =/= (ro + 1, (i^ — 1)6-'"). 
Proof. By definition 

\ni,...,ni\=l+ki 

Suppose ani...ni 7^ 0. Since ao = 0, this implies ni, . . . ,ni > 1. Assume = 1 
for some i and let zq be the greatest index satisfying this property. Being ati = 
for all A: 7^ 1 it must be = 1 for all i < zq. Since . . . , n/| = ^ + fci > ^ and 
<xik = for fc = 2, . . . , fci the only possible choice is = 1 for i = 1, . . . , ^ — 1 and 
ni = ki + 1. Hence, 

h.l,.-.,";l = l + fcl 
„l,....„,>v 

since a2 — ■ ■ ■ — aj/_i — 0. Item (1) follows now immediately, because 

I 

I > ki ^ 21 > I + ki = 71,: rij < 2 for some i. 

i=l 

In order to prove item (2) we proceed by contradiction. Suppose there is Q!„j^...„, ^ 
with ni, . . . ,ni > 2. Let ii < Z2 < • • • < *m be the indices such that n^^ < 6. Set 
J = {ij : j > 2} and K = {ii} U J U ( J - 1). By hypothesis > 6 + 2 for all 
i e J — 1. Consequently {ii}, J and J — 1 arc pairwise disjoint. So 2m — 1 < I and 



I + ki ^ + ^ + ^ + ^ : 



> 2 + 2(m - 1) + (6 + 2)(m - 1) + 6(/ - 2m + 1). 
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Hence fci > (4 — b)m + l{b — 1) — 2 and so, 

fci > (4 - fe)^^ + /(6 - 1) - 2 since to < (/ + l)/2 

+ 6/2) -&/2 

> {b + 2)(l + b/2) -b/2 since Z> 6 + 2 
= 6(6- l)/2 + 26 + 2 

> 26 + 8 since 6 > 4. 

This contradicts the fact that ki < 26 + 8. Next we prove item (3). Assume that 
ki < — and I > tq. Suppose there exists a„j...„, ^ with ni, . . . ,ni > v 
and . . . , n;| = Z + fci. We will prove that ni, . . . ,ni fulfill the conditions of 
Lemma rA.4l The first one follows from the fact that 

l>ro^l~l> ^ ^{l- 1)(6 -l)>{iy- l)(6-'« - 1), 

and so 

I 

(A.2) {l-l)b + i^>{iy- l)b^° + l>ki+l^^ni, 

i=0 

since ki < — If z > 2 and Ui < b, then necessarily rti_i > (i^ — 1)6 + 2, 

since a„;_^„; = for 2 < < — 1)6 + 2 and ?ii < 6. So, condition (2) holds. 
Finally, if = 2, i > 3, < 6 and ni_i < 26 — 2, then necessarily 7ii_2 > 26 — 1, 
since ani_2ni-ini — otherwise. This establishes condition (3). From Lemma FA. 41 
it follows now that ni — v and ti^ 6 for i > 1. Hence, 

1 + ki = ^ rii ^ {I - 1)6 + V, 

and so ki = {I — 1)6 — I + v > {v — 1)6-'", where the inequality follows from (jA.2p . 
Since, by hypothesis ki < {v — 1)6^"^ -^g conclude that 

fci = (.-l)6^" and l = t^^^^^±^=r, + l. 
This finishes the proof. □ 

Lemma A. 6. Suppose that for each a > 1 and j,k > there exists i > 1 such 
that Q!fc+ia(Ar-'+*) = 0. Let jo > 1 and b > v be integers. Set po = Tjai^) 
pi = rj„_|_i(6). When jg > 2 we also write p_i = rjj,_i(6). Assume that 

(1) a,„+i(X^")^0, 

(2) aiiXi") = for all I < po, 

(3) = Sis evo for all I > pa and s < I + {v - l)6J«-\ 

(4) aik = Q for2<k<{v - 1)6^0-1, 

(5) a^J = for j <b and2 <i <\ + {v - 1)6, 

(6) Ifv = 2, then atjk = /or 2 < i < 26 - 2, j < 26 - 2 and k < b, 

(7) For jo > 2, we have 7po+i^^'' = ° al'^ + ai o a(^_i)(,io-i+i. 
Then, 

(8) q;;(X^) = for all I < pi and j > jo, 

(9) 7^'^ = 5is evo for all I > po and s < I + {v - l)b>° , 

(10) aik = for2<k<{iy- 1)^° , 

(11) Tpi+i = o < + "1 o a(,.-i)6Jo+i, 
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(12) For jo > 2, we have 

7^^-+^) = o and a,,+,{X'^+^) = a,„+i(X^°)7^aV^(^)- 

Proof. By items (2) and (3) we can apply Lemma \A.2\ with a — {v — and 
the same jo and po- Hence, 

ai{X^+'-) ==0 for i > 0, / < po + - IW"'^ and j > jo- 

In particular ai{X^+'^) ^ for I < po + {v - l)})^"-^ and j > jo. Fr om this and 
items (3) and (4), it follows that in order to prove items (8)-(10), it suffices to 
prove by induction on k = {ly — + 1, . . . , (i^ — l)b^° that 

aik = 0, 

(A.3) ap„+k{X^+^)=0 foYj>jo, 

7^'-' = Sis evo for / > po and s < I + k 

By the discussion above and conditions (3) and (4), we know that (|A.3[) is true for 
k ~ {v ~ Suppose it is true for k <ki, where fci is a fix integer satisfying 

In order to perform the inductive step it suffices to apply Lemma IA.3I with a = ki 
and the same jo and po- Conditions (1) and (2) of that lemma are the corresponding 
assumptions of the present lemma and condition (3) follows from the inductive 
hypothesis. The fact that condition (4) is also satisfied (i.e. 7}^^^ = ai o ak-^-^-i 
for all I > Po) follows from item (3) of Lemma [A.5[ which applies thanks to the 
inductive hypothesis and assumptions (5) and (6). Item (11) also follows from 
item (3) of Lemma lA.51 Finally, the first assertion of item (12) follows from items (7) 
and (10), since clearly {ly— l)b^°~^ + 1 < {v— 1)6^°. The second assertion is a direct 
consequence of the equality 

ap,+i(X^°+i) = aK^^")7^?+i(^) 

and items (2) and (9), since pi + 1 < / + (1/ - l)b^^' for aU I > po + 1. □ 

Lemma A. 7. Suppose ly — 2 and b > A. Assume that for each integer a satisfying 
6 < a < 26 — 3 and u > 1 there is an i such that ab+ia+2{X^^~^'^) = 0. Write 

ak{x)^T.^>oi^kX\ If 

(1) a,+2{X^) ^ 0, 

(2) ak{X^) = for k <b+l, 

(3) aik^O for2<k< b, 

(4) qik ^0 fork<b, 

then a,jk = /or 2 < z < 26 - 2, j < 26 - 2 andk <b. 

Proof. In order to prove the lemma we will need to establish some auxiliary facts. 
We first prove that 

(A. 4) aij ^0 for 2 < i < 6 + 1 and j < 6. 

This is immediate when j = 1, since ai — evp and ai(l) = 0. Thus, we can assume 
j > 1. By item (2) and Lemma [A. 11 

(A.5) ah{X'') =0 for aU /i < 6 + 1 and r > 2 
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and so aij{X^) = for r > 2. Since also (1) = 0, we are reduced to prove that 
aij{X) = 0. By item (3) and the fact that ai — evo, 

= aij(X) = q^jai{X') = qoj. 

i>0 

Hence, by item (4) we have aj{X) G X'^k[X]. Thus, applying (IA.5|) with i instead 
of h, we obtain aij{X) — 0. We now prove that 

(A. 6) 7^'^ 6is evo for / > & and s < I + b. 

Since 

i=i 

it will be sufficient to prove this for I = b and s < 2b. But using that aij = aji = 
for 2 < J < 6 and = for 2 < j < & and j < b, it is easy to see that 

= a^,...^, ^ Sbse\/o. 

\ii,...,il,\=s 

Finally, we also need to check that 

(A.7) aik = for fc = 2, . . . , 26 - 3. 

By item (3) we must show that 

aik = for fc = 6+l,...,26-3. 
To check this it suffices to prove by induction on fc = 6, . . . , 26 — 3, that 
(A.8) aik = and 7(') = Sis evo 

for ^ > 6 + 1 and s < I + k. By item (3) and (|A.6p . we know that (jA.Sp is true for 
k = b. Suppose it is true for k < ki, where 6 < fci < 26 — 3. In order to perform the 
inductive step it suffices to apply Lemma lA.31 with a = ki, pQ = b + 1 and jo = 2. 
Conditions (1) and (2) of that lemma are the corresponding assumptions of the 
present lemma and condition (3) follows from the inductive hypothesis. The fact 
that condition (4) is also satisfied (i.e. jl'^k = "fci+i for all / > 6 + 1), follows 
from item (2) of Lemma IA.5[ which applies thanks to the inductive hypothesis 
and (KM- 

We now are ready to prove the thesis. By item(2) of Theorem l2.H item (2) and 
Lemma Fa. 11 we only need to check that 

a,jk{X) = for 2 < i < 26 - 2, j < 26 - 2 and fc < 6. 

For this will be sufficient to prove that 

(A.9) a,{X'') =0 for i < 26 - 2 and r > 3, 

(A.IO) ajkiX) e X^k[X] for j < 26 - 2 and A: < 6. 

From ljA.6|) and item (2), it follows that the hypothesis of Lemma [A. 2 1 are satisfied 
with po ~ b + 1, jo = 2 and a = b. Thus (|A.9|) is true. We next prove (|A.10[) . Let 
k < b and j < 2b — 2. Since qok = cnik{X) = for fc < 6, from (|A.9|) we get 

ajk{X) = ^qrkajiX'') = qikajiX) + q2kajiX^)- 

r>l 

But qik = for fc < 6 by item (4). Thus ajk{X) ~ q2kaj{X'^), and so we are 
reduced to prove that aj{X'^) e X'^fc[X]. Now, 

j rrLin(j',6— 1) 

(A.ll) a,(X2) = £a,(X)7f (X)= ^ ai{X)iP{X), 

1=2 1=2 
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where the first equality follows from the fact that ao = and ai{X) — 0, and the 
second one from the fact that 7^''' = Sji evp for & < Z < j < 26 — 2, by (|A.6|) . Since 
qai = 111 = 0, we know that 

(A.12) ai{X) X'^k[X] for/<&. 

So, if we prove that {X) e Xk[X] for j < 26 - 2 and 2 < / < mm{j, b - 1), the 

fact that aj{X'^) e X^k[X] follows. Clearly 'yl^\x) = 0. So we can assume j > I. 
By definition 

\ni,...,ni\=j 

By (|A.7|) we know that aik = for 1 < fc < 26 - 2. Thus, if a„i...„,(X) 7^ 0, then 
there cannot be any Ui — I. Write 



V 

an3...ni{X) ^^PiX"^ and a„2...„, (X) = 

1=0 i=0 



To finish the proof we will use that 

(A.13) an{X^k[X])) C X^k[X] for 2 < n < 26 - 2, 

which follows immediately from the following facts: 

a„(X'') = for all r > 2 by (IXOl) . 

an{X^) e X^k[X] by (fXTTI) and (UT2ll . 

We consider two cases: If 712 < 6, then by the fact that a„2(l) — and equali- 
ties (|XT2l) . (nm, 

i=0 

If 6 < n2 < 26 — 2, then rii < 6 — 1, and so by the fact that Q!„j(1) — 0, and 
equalities ((XT2)) . ((JT3| . 

(X) = ^p^a„,(X*) e X^k[X], 

as desired. □ 

Lemma A. 8. Suppose there exists m such that = for all k > ni. Recall that 
ak{X) = QikX' . Let u G {1, 2}. Then the following facts hold: 

(1) ai(X") ^0 forl< zy", 

(2) 7^'' = (5is evo for l>v'' ands <l + {v- l)z/"-i, 

(3) aifc = /or 2 < fc < (i/ - 

(4) aij = for i <v and 2 < i < 1 + (1/ - 

(5) If V ^2 then a^jk ^ Q for 2 < i <2v - 2, j <2v - 2 and k <v, 

(6) For u>2, we have jl'i ^ = a'^ + q;i°Q!(j^_i)^u-i_|_i 

(7) a^2{X'^) = qi^ = qo.(y-i)y+i = 0. 

Proof. By hypothesis there exists uq such that a^^o (AT"") = and aj/u (A"") 7^ for 
1 < M < uq. By the discussion preceding Lemma lA.SI we know that uq>2. Next 
we prove by induction on 1 < u < mq that items (l)-(6) are valid for 1 < u < uo- 
Then we will see that uq = 2 and qi^ = qo,(v-i)v+i — 0- When u — \ item (6) is 
empty and items (1), (3) and (4) are satisfied, since ai{X) = 0, a; = for 1 < ^ < 
and an = for alH > 1. Item (5) is a direct consequence of item (4). Finally, by 
item (1) of Lemma lA.SI we have "if^f. — ai,fc+i = for 1 < k < v — 1 and I > v, from 
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which item (2) follows easily. Suppose the result is valid for a fixed u < uq. We 
will apply Lemma lA. 61 with Jq — u and b = v. Note that in this case po = ~ 1; 
pi = 1/"+^ — 1 and p_i = j/"^^ — 1 (if u > 2). Item (1) of Lemma [A.6I is valid 
by the definition of uq and items (2)-(7) are items (l)-(6) above. To perform the 
inductive step it suffices to note that items (4) and (5) above do not depend on 
M, and that items (8)-(ll) of Lemma lA. 61 implies items (1), (2), (3) and (6) above 
with M + 1 instead of u. Hence items (l)-(6) are valid for 1 < m < uq. Moreover, 
item (12) of Lemma [A. 61 gives 

(A.14) 7(f")=af" and a,.^i{X^+^) = a,.{X^)^]p,{X), 

for 2 < M < Uq. Since a^uo(^"") = and a^^o-^{X'^°^'^) 7^ 0, the last equality 
yields 

(A.15) ^(C"H^) = 0. 

In the sequel we are going to use the equality 

(A. 16) qok = J2 evo(^0 = aik{X) for fc > 1. 

i 

By this equality and item (3) with u — 2^ we have qoiy = 0. Moreover item (1) (also 
with u — 2) implies ai{X'^) — for all I < u. So, 

a^{X') ^^aiiX^hi'^X'-^) = for all i > 2. 
1=1 

Thus, for M < uo, 

(A.17) afiX) = Y,q.,,oC-\X^) = qi.af-\X) = ■■■= q^-'MX). 

i>0 

Hence, by item (6) with u = uq and equalities (|A.15p . (|A.16p and (|A.17[) . 

liJ' ~^a^iX) + go,(i/-i)i/"o-i+i = " (^) + ai°"(iy-i)i/"o-i+i(^) 

= 0. 

Since deg{a^{Xj) > (because — and aij{X) ^ 0), this imphes 
(A. 18) 9o,(i/-i)i^"o-i+i = 9iy = 0. 

Now, we claim that uo = 2 (that is a„2{X^) = 0). In fact, by (|A.14p . (|A.17p 
and ([XTS]) . 

a,2{X^) = a,{X)^%\x) = «,(XX(X) = a,{Xfq\^^ = 0, 

as we want. □ 

Lemma A. 9. Under the hypothesis of Lemma lA.^ we have: 

qok qik = for all k. 

Proof. We are going to prove by induction on d that for all d > v, the following 
statements are true 

(A.19) ak{X'^) = Q for fc < 1 + (i/ - l)(d+ 1). 

(A.20) aife = for 2 < fc < (i/ - l)d+ 1. 

(A.21) qik = for fc < d. 

This will be finish the proof of the lemma since gofc = OLik{X) by equality (|A.16p . 
Assume d = v. Since ai = evg and a/c = for 2 < fc < u, we have qiu = for 
k < V. Combining this with Lemma [A. 81 we obtain (jA.21[) . Equality (|A.19|) follows 
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from items (1) and (7) of Lemma [A. 8 1 It remains to check that equahty (|A.20[) 
holds. For 2 < k < [v ~ l)v this follows from item (3) of Lemma [A. 81 To finish 
we must see that ai^(u-i)v+i{X''') = for all r > 0. For r = this follows from 
item (2) of Theorem 12.11 and for r — 1, from item (7) of Lemma rA.8l and the fact 
that qo,(i,-i)y+i = Finally, for r > 2, 

1=1 

where the last equality follows from the fact that aii{X) = for 1 < ^ < {v — l)v+\. 
Suppose that equalities (|A.19|) . (|A.20p and (IA.2ip are true for d. Wc claim that if 
V = 2, then 

7/+^ — ^oh^vo for I > 2 and h < d. 
For /i = this is immediate. Assume h > 0. Since aki — for all fc > 2 and 
aik = for 2 < A; < d + 1, we have 

7i+/i — 2-^ ani...ni- 

\ni,.-.,n,\ = l + h 
ni....,„,>2 

Because oi h < d, each one of the indices (ni, . . . ,n;) in the above sum satisfies 
2 < Tij < d < r2{d) for all j. Since, by Theorem 12.11 Lemma lA.ll and equali- 
ties (|XI9| . (|X20)) and (|X2T|l . 

(A.22) ah{l) = for /i > 2, 

(A.23) ah{X^) = for /i < d + 1 and j > 2, 

(A.24) ahi{X) = for /i < d + 1 and Z < d, 

the claim is true. Hence, when 1^ — 2, 

a,+^{X^) = a2{xWal^{X) 

= a2{X)[ai,d+2{X) + a2,d+i{X)) 

= a2(X)(ai,d+2(X) + qx.d+ia2{X)), 

where the second equality follows from (jA.24[) and the fact that a\ = evo, and the 
last one from (|A.22|) and (IA.23p . Suppose ad+ziX"^) = (that is, equality (|A.19|) is 
valid for d+ 1). Then a\^d+2(X^ = = 0, since dcg(Q;2(X)) > 0. In particular 

condition (|A.21|) is satisfied for (i+ 1. Moreover, 

ai,d+2(X^) = Eau(X)aio^«2(X^-i) ^ ^ aiz(X)aio7»2(X'-i) = 0, 
1=1 1=1 
for all i > 1, where the last equality follows from the fact that oi\\(X') = and 
equality ((X20l) for d. Since, by item (2) of Theorem 12. 11 we also have ax^d-^i^X) — 
0, condition (jA.20p is also valid for d+1. Hence in the case that v ^ 2 and 
ad+ziX"^) — 0, we are done. For the rest of the proof we assume that > 2 and 
adJ^-iiX'^) 7^ if 1/ = 2. For aU h, let = rh{d + 1). Note that rx ^ v - \ and 
r2 = (y — l)(d + 2). By hypothesis there exists ft-o such that ar,^^^+i{X^°') = and 
ar^+i{X'^) 7^ for 1 < /i < ho. By the discussion preceding Lemma FA. 51 we know 
that ho > 2. Next we prove by induction on 1 < h < ho that 

(1) ai{X'') = for aU I < r,,, 

(2) = Sis evo for all I > r,, and s < I + {ly - l)(d + 

(3) aife = for 2 < fc < (i/ - l)(d+ I)''-!, 

(4) a^j = for j < d and 2 < i < 1 + (i/ - l)(d + 1), 
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(5) Uiy = 2, then a^fc = for 2 < i < 2d, j < 2d and k < d, 

(6) For h>2,we have Trl'+i'^^^ = o a^'^r^' + ai o a(^_i)(d+i)fe-i+i. 

for 1 < /i < /iQ- When = 1, items (1), (2) and (3) do not depend on d and 
they follow from items (1), (2) and (3) of Lemma fA.Si respectively. Since item (6) 
does not apply, we only need to verify items (4) and (5). Note that by item (2) of 
Theorem 12.11 Lemma [A. II and equality (IA.19p . we have 

(A.25) afc(X") = for 2 < fc < 1 + (i^ - l){d + 1) and s ^ 1. 

This immediately gives 

a,j (X") = for 2 < j < d and s 7^ 1. 

But, by (|X2T|) and (|X25]l 

a^j{X) = ^qsja,{X'') = qija^{X) = 0, 

for j < d and 2 < i < 1 + (i^ - l)(d + 1). So, 

a,j =0 for j < d and 2 < i < 1 + (i/ - l)(d + 1), 

since clearly an — for i >2. This establishes item (4). Suppose ly = 2. If d < 3, 
then item (5) follows from item (4), and if d > 3, from Lemma [A. 71 with b = d + 1, 
which applies because condition (1) is satisfied since ad+3{X^) ^ by assumption 
and conditions (2), (3) and (4) are equalities (IA.19|) . (IA.20p and (|A.2ip . Assume 
that items (l)-(6) are valid for a fix /i < Hq. We will apply Lemma I A. 6 1 with 
Jo — h and 6 = d + 1. Note that in this case po = r^, pi — rh+i and p_i = r^-i (if 
h > 2). Item (1) of Lemma fA.Gl is valid by the definition of ho and items (2)-(7) are 
items (l)-(6) above. To perform the inductive step it suffices to note that items (4) 
and (5) above do not depend on h, and that items (8)-(ll) of Lemma \A.6\ imply 
items (1), (2), (3) and (6) above for h + 1 instead of h. So, we have established 
items (l)-(6) above for h + 1. Indeed, item (9) of Lemma [A. 61 gives the following 
equality 

(A.26) 7^'^=<5;sevo for alU > r,, and s < ^ + - l)(d + 1)'', 

which is stronger that item (2) above for h and also for h + 1. Note that (IA.26P for 

h = 1 implies ^l^^^i{X) = for I > ri + 1 = v. Hence, 

r2 + l 

(A.27) ar,+i{X^) = MxWr^AX) = a,iX)jl%,iX), 

1=1 

since ai{X) = for / < i^. Moreover, by equality (|A.25p . we have 

a,iX') ^ ad+iiX') = fors^l, 
and so, arguing as in the proof of equality (|A.17p . we obtain 
(A.28) o a^d+i{X) = a^{X)q[ ,i^-^ for all / > 1. 

By item (6) above for h — ho and equality (|A.28[) . we have 

(A.29) 7^I;;Vi'^'^(^) = a,{X)q[Xi+'^i°^i.-i)(d+ifo-^+i{X). 

We claim that Or^+iiX'^) = (Combining this with item (1) above for h ~ 2, 
we obtain (|A.19|) for d + 1). Assume on the contrary that ar2+i(^^) 7^ (which 
implies ho > 3). By (|A.28|) and item (12) of Lemma [A . 6 1 with jo = 2 and 6 = d + 1 
(item (1) of this lemma is satisfied since ar2+i(-'^^) / Oj and items (2)- (7) are 
items (l)-(6) above for h — 2), we have 

(A.30) ll:+i'\x) = a^-a^+AX) - o.,iX)q[]d+v 
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Combining this with (jA.27|) . we obtain ar2+i{X'^) — ctv{X)'^'li^d+i^ which impHes 
Qi.d+i 0- Oil the other hand, by item (12) of Lemma \A.6\ with jo — — 1 and 
b = d + 1, we have 

Since ar^^+i{X''°) = and ar^^_^+iiX''°-'^) ^ 0, this and cquahty (|X29|) imply 

= ai,(X)q^l'^\ 

Since deg{av{X)) > and Q:i.(y_i)(d+i)''o-i+i(-^) G k, this yields qi^d+i — 0, which 
contradicts the fact that qi,d+i 7^ 0. This proves the claim. Thus Or^+iiX'^) = 
or, equivalently, ho — 2. This, together with equality (|A.27p . gives jI^J:^X^\x) ~ 0. 
Since deg{aiy{X)) > 0, from equality (|A.29|) it follows that 

qi.d+i = and = 0. 

Combining the first equality with (jA.21[) for d, we get (jA.21[) for d+l. Finally, by 
item (2) of Theorem 12.11 we know that ai (^^_i^(^d+i)+i{^) — 0, and for r > 2, 

ai,(^_i)(d+i)+i(X'') = aii(^)ai(7(l,Li)(d+i)+i(^''"^)) 0, 

1=1 

where the last equality follows from item (3) above for /i = 2 and the fact that 

ctii{X) = ai^(^^_i)(^d+i}+i{X) = 0. 
All this, together with item (3) ior h — 2, yields equality (|A.20|) for d+l. □ 

Proof of Theorem 13.41 Item (2) follows from item (1) using that s is a twisting 
map if and only if t°s°t is, where r denotes the flip, we now prove item (1). Since 
lio = (Zii = for all i, we have ao{X) = ai{X) = 0. An inductive argument using 
formula (|2.ip and the fact that ao(l) — show that ao = 0. Then, by Remark 12.21 
we know that ai = evp. So, we can apply Lemma IA.9I in order to obtain that 
qoj = qij = for all > 0, as we want. □ 
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